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Call a class A of graphs bridge-addable if, whenever a graph G in A has
vertices u and v in distinct components, then the graph G+uv (obtained by
adding the edge uv) is also in A. Thus for example the class F of forests is
bridge-addable, as is the class of planar graphs.
Let A
n
denote the set of graphs in A on vertex set {1, . . . , n} (so these
are labelled graphs), and similarly for other graph classes. Also, let us use
the notation R
n
∈
u
A to indicate that the random graph R
n
is sampled
uniformly from A
n
(and assume implicitly that A
n
is non-empty). Thus
P(R
n
is connected) =
|C
n
|
|A
n
|
where C is the class of connected graphs in A. The following elementary but
useful inequality appeared in McDiarmid, Steger and Welsh [9, 10]. If A is
bridge-addable and R
n
∈
u
A then
P(R
n
is connected) ≥ e−1 ≈ 0.3679 for each n. (1)
If T denotes the class of trees then |T
n
|/|F
n
| → e−
1
2 as n → ∞, by a
result of Re´nyi [12] in 1959. It was conjectured in [10] in 2006 that the class
of forests is the ‘least connected’ bridge-addable class; and in particular that,
if A is bridge-addable and R
n
∈
u
A, then
lim inf
n
P(R
n
is connected) ≥ e−
1
2 ≈ 0.6065. (2)
1
After several partial results towards proving this conjecture, see [1, 2, 3, 6, 11],
the full result was proved by Guillaume Chapuy and Guillem Perarnau [4].
Here we are interested in unlabelled graphs, where by contrast little
seems to be known. Let A˜
n
be the set of unlabelled graphs in A
n
, and
similarly for other graph classes. We may identify an unlabelled graph as
an isomorphism class of labelled graphs. We use the notation R˜
n
∈
u
A˜ to
indicate that the random unlabelled graph R˜
n
is sampled uniformly from A˜
n
.
Of course, as before
P(R˜
n
is connected) =
|C˜
n
|
|A˜
n
|
.
We make two conjectures about the probability of being connected, corre-
sponding to (1) and (2) above. The first seems to ask for rather little.
Conjecture 1 There is a δ > 0 such that, if the graph class A is bridge-
addable and R˜
n
∈
u
A˜, then
P(R˜
n
is connected) ≥ δ for each n. (3)
For trees and forests we have
|T˜
n
|/|F˜
n
| → τ ≈ e−0.5226 ≈ 0.5930 as n→∞,
see for example the first line of table 3 in [5].
The second conjecture is more speculative. Call the class A of graphs
decomposable when a graph is in the class if and only if each component is.
Examples include the class F of forests and the class of planar graphs.
Conjecture 2 If the graph class A is bridge-addable and decomposable,
and R˜
n
∈
u
A˜, then
lim inf
n
P(R˜
n
is connected) ≥ τ. (4)
The fragment size frag(G) of a graph G is the number of vertices less
the maximum number of vertices in a component (the number of vertices
missing from a largest component). In the labelled case, if the graph class A
is bridge-addable and R
n
∈
u
A then ([8], see [7] for an earlier version)
E[frag(R
n
)] < 2.
2
Is there a corresponding result in the unlabelled case? Here is an awkward
example.
Fix an integer k ≥ 3, and let A consist of all graphs G such that deleting
any bridges from G yields a disjoint union of cycles each of length at least k.
Clearly A is bridge-addable and decomposable. Let n = 2k, and let R˜
n
∈
u
A˜.
Then P(R˜
n
is connected) = 1
2
, which is good; but E[frag(R˜
n
)] = n/4, which
is bad!
Conjecture 3 For each graph class A which is bridge-addable and decom-
posable, there is a constant c = cA such that, for each positive integer n, if
R˜
n
∈
u
A˜ then
E[frag(R˜
n
)] ≤ c.
The fourth and final conjecture is a little speculative (like the second).
Conjecture 4 There is a constant c such that, for each graph class A which
is bridge-addable and decomposable, if R˜
n
∈
u
A˜ then
lim sup
n→∞
E[frag(R˜
n
)] ≤ c.
This is an updated version of open problems I presented five years ago at
Oberwolfach (in May 2014), five years without real progress for unlabelled
graphs!
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